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We introduce a simple ecological model describing the spatial organization of two interacting pop-
ulations whose individuals are indifferent to conspecifics and avoid the proximity to heterospecifics.
At small population densities Φ a non-trivial structure is observed where clusters of individuals
arrange into a rhomboidal bipartite network with an average degree of four. For Φ→ 0 the length
scale, order parameter and susceptibility of the network exhibit power-law divergences compatible
with hyper-scaling, suggesting the existence of a zero density - non-trivial - critical point. At larger
densities a critical threshold Φc is identified above which the evolution toward a partially ordered
configuration is prevented and the system becomes jammed in a fully mixed state.
PACS numbers: 89.75.Fb, 87.23.Cc
I. INTRODUCTION
The interactions within and between species, either for
survival or for the control of the territory, gives rise to
a rich spatiotemporal dynamics [1, 2], the most investi-
gated case being probably the two species prey-predator
system [3–6]. Models and experiments have outlined the
emergence of collective behaviour and pattern formation
arising from simple local rules, a prototypical example
being represented by the selfish herd model [7, 8]. The
study of the complex interplay between inter- and in-
traspecific interactions and the emergence, at different
scales, of structures in the spatial distribution of the in-
dividuals, is an important topic in population ecology
[9]. Within this framework, the investigation of systems
incorporating species competing symmetrically, or quasi-
symmetrically, for space has attracted interest recently
when it has been shown that it leads to the development
of a robust diversification of ecosystems [10–12]. The
symmetrical interaction can lead to the spatial segrega-
tion of species [13], and a competitive advantage can be
determined by the emergent formation of spatial struc-
tures [14]. Even conspecific seabirds exhibit a spatial
segregation into non overlapping colonies feeding from
mutually exclusive areas [15, 16]. Under some circum-
stances, different species organize into mixed colonies. A
nice example is represented by the association between
Rockhopper penguin (Eudyptes chrysocome) and Black-
browed albatross (Thalassarche melanophrys) into com-
mon colonies, reported by several investigators involved
in the census of birds in the Falkland Islands [17–22].
This peculiar system has attracted the attention of sev-
eral novelists in 19th century [23–25], who gave detailed
- allegedly fictional - descriptions of the non-trivial topo-
logical distribution of the individuals of the two species.
In particular, B. Morrell in [23] described a penguin-
albatross rookery where individuals are uniformly dis-
tributed on a nesting area in a staggered configuration
where “each albatross is surrounded by four penguins;
and each penguin has an albatross for its neighbor, in
four directions”.
In this work we argue that the description of the topol-
ogy of a penguin-albatross rookery by Morrell and Poe
could be based on the empirical observation of a real
colony, rather than on imagination. Taking inspiration
from them, we investigate numerically the evolution of
the spatial distribution of two populations of “penguins”
and “albatrosses” sharing the same area. We show that
structures similar to those described in their narratives
form by assuming that individuals behave according to
two minimal rules: i) individuals are indifferent to con-
specifics (except for avoiding superposition) and ii) avoid
the proximity to heterospecifics. These behavioral rules
determine a tendency of the system to phase-separate
into two clusters made of conspecific individuals. How-
ever, during the separation process the system becomes
jammed into a structurally arrested configuration whose
spatial structure strongly depends on the population den-
sity. At small population densities clusters of individuals
arrange into a bipartite network spanning the entire sys-
tem. The network is entirely made of rhomboidal cells,
where two clusters of conspecific individuals sit at two
opposite corners and two clusters of individuals of the
other species occupy the other two corners. This par-
tially ordered phase is characterized by a single dominant
length scale represented by the distance between nearest
heterospecific individuals and exhibits a non-trivial crit-
ical point at vanishing population density, characterized
by a divergence of the order parameter in the presence
of hyperscaling. At larger population densities the sys-
tem becomes frozen into a structurally arrested configu-
ration, where the motion of individuals is caged by those
surrounding it.
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2FIG. 1. (color online) patterns formed at steady state at different population densities. Red/ light blue (dark gray/light gray)
pixels mark the position of individuals of the two species, while empty sites are white. (a) Φ = 0.002, (b) Φ = 0.2, (c) Φ = 0.31
and (d) Φ = 0.4. Panels (e)-(h) show the corresponding cross-correlation functions. The evolution of the patterns is shown in
Supplemental Material movie S1 [27]. The size of the simulation box is 128×128 sites.
II. MODEL ECOSYSTEM
Our model is of general relevance, but for simplicity
we refer to the populations as “Penguins” (P) and “Al-
batrosses” (A). We assume that each population has an
equal number N of individuals [26], initially distributed
randomly with density Φ = N/M2 across the sites of a
square lattice of side M = 128 with periodic boundary
conditions.
The system evolves trough discrete time steps. At each
time step, an individual is randomly chosen from the two
population with uniform probability. Let d be the Eu-
clidean distance between the selected individual and the
nearest individual of the opposite species. The individ-
ual attempts a move towards a new site, randomly chosen
between one its four neighboring lattice sites. If the new
site is occupied by another individual, or if the distance
d′ between the new site and the nearest individual of the
opposite species is smaller than d, the move is rejected.
Otherwise it is accepted, and the position of the selected
individual is updated accordingly.
In all the simulations discussed in the present work the
total number of time steps Ns is chosen in order to en-
sure that a steady state is reached. A reliable indicator
of the convergence to a statistically stable state is rep-
resented by the cross-correlation length ξc (see section
III.B.). During the evolution of the system a monotonic
increase of the cross-correlation length is observed, un-
til it reaches a plateau. For each population density a
few exploratory simulations were run and a characteris-
tic equilibration time n0 was estimated by fitting ξc(n) as
a function of the simulation step n with a stretched expo-
nential function: f (n) = A
{
1− exp
[
− (n/n0)δ
]}
+ B.
The duration Ns was then set to a value at least ten time
larger than n0.
III. RESULTS
The spatiotemporal dynamics of the system is strongly
affected by the population density. For small Φ, indi-
viduals of one species form small clusters surrounded on
average by four clusters of the other species (Fig. 1(a),
Supplemental Material movie [27]), a configuration par-
tially reminiscent of that depicted by the narratives of
the 19th century. We define a cluster as a connected
set of individuals of the same species, say Penguins: two
penguins (sitting on sites x and x′, respectively) belong
to the same cluster if a continuous path exists connect-
ing x and x′ made up of steps connecting neighboring
sites all occupied by penguins. At intermediate Φ indi-
viduals arrange into large connected fractal clusters stag-
gered across the plane [Fig. 1(b), Supplemental Material
movie [27]]. These clusters are separated by convoluted
aisles free of individuals. At a critical density Φc ≈0.311
the system undergoes a transition to a disordered phase
[Fig. 1(c), Supplemental Material movie [27]]. The free
aisles disappear and the distribution of species exhibits
large concentration fluctuations determined by the strong
spatial heterogeneity of the configurations (see the late
stages of Supplemental Material movie [27]). At Φ > Φc
the system becomes jammed into a disordered configura-
tion [Fig. 1(d), Supplemental Material movie [27]] where
the limited number of free sites determines a structural
arrest that prevents the development of long range corre-
lations, similar to what happens in a glassy state. Thus
the system exhibits two critical points at Φ0 = 0 and
Φc = 0.311 In the following we will describe the proper-
ties of these two critical points separately.
3FIG. 2. (a)-(d) order parameter, (b)-(e) susceptibility and
(c)-(f) correlation length of the system. The left column cor-
responds to a single species, while the right one to the empty
region.
A. Structural arrest at high Φ
Due to the inter-specific repulsion between individuals,
a structural arrest transition takes place at packing frac-
tions well below the close packing of individuals needed
for the occurrence of the huddling transition reported in
a single species [28–30]. The transition is characterized
by the appearance of clusters of individuals with fractal
dimension df ≈ 1.4. The cluster size distribution close
to the critical point is compatible with a power-law with
exponent -1.4, with an exponential cutoff. By choosing
the average cluster size Ψa as a suitable order parameter
one can appreciate that the transition is characterized
by a continuous decrease of the order parameter [Fig.
2(a)], accompanied by a divergence of the susceptibility
of the system χa [Fig. 2(b)], which represents the vari-
ance of the order parameter across different realizations.
The average correlation length ξa of the clusters increases
continuously at the transition [Fig. 2(c)], without show-
ing any sign of divergence. This feature suggests that the
critical behavior is not determined by the development of
intra-species long range order.
The critical transition can be best understood as due
to a percolation [31] of the empty phase. The availability
of aisles of empty sites spanning the whole lattice rep-
resents an essential ingredient to achieve the long range
order exhibited by the system at Φ < Φc. Individuals
cannot move when they are stuck inside a cluster of indi-
viduals of the same species. The only region accessible for
movement is determined by the empty sites that separate
clusters of different species. In the range 0.1< Φ <0.311
the empty phase has a labyrinthine structure spanning
all the system. The relevant parameters in this case are
the largest cluster size Ψe [Fig. 2(d)], its variance χe
[Fig. 2(e)] and the correlation length ξe of the empty
region [Fig. 2(f)], determined from the size of the second
largest cluster of empty sites [31]. The correlation length
ξe and the susceptibility χe diverge close to the critical
point, while the order parameter decreases continuously
from a finite value to zero. This finite value is close to
the maximum cluster size that one would attain by using
all the available empty sites. Ideally we would like to de-
termine the critical exponents at the phase transition by
a systematic investigation of the finite size scaling [31],
in order to determine the universality class of the tran-
sition. Unfortunately, the slowing down of the system
dynamics close to the transition (see Supplemental Ma-
terial movie [27]) induces divergence of the time needed
to reach a stable configuration, which prevented us from
achieving a reliable determination of the exponents.
B. Non-trivial critical point at Φ = 0
At Φ < 0.31 the individuals are able to arrange into
clusters and an order related to the mutual spatial dis-
tribution of clusters of different species develops. The
position of penguins and albatrosses is specified by two
spatial distributions P (x) and A(x) respectively, where
P (x) = 1 (A(x) = 1) for each site occupied by a pen-
guin (albatross) and 0 otherwise. The statistical rela-
tion between the mutual positions of individuals of the
two species is expressed by the radial cross correlation
function Cc(r) = 〈P (x)A(x + r)〉/Φ2. At small Φ the
cross correlation function exhibits a narrow peak [Fig.
1(e)], while the autocorrelation functions of P (x) and
A(x) are almost featureless (not shown). By increasing
Φ the cross correlation peak becomes less defined [Fig.
1(f)-(g)] and for Φ > Φc it disappears completely [Fig.
1(h)], thus marking the transition to a featureless phase
where the mutual position between individuals of differ-
ent species is uncorrelated. The position of the peak of
C(r) represents the cross-correlation length ξc of the sys-
tem [Fig. 3(a)], which provides a typical length scale for
the distance between clusters of different species. The
contrast of the first peak of the cross correlation function
Ψc = Cmax−1 represents an order parameter suitable to
characterize the formation of inter-species ordered struc-
tures [Fig. 3(b))]. The variance of the order parameter
[Fig. 3(c)] provides the susceptibility χc to fluctuations.
At small Φ these parameters exhibit a power law be-
havior, Ψc ∝ Φβ , χc ∝ Φ−γ and ξc ∝ Φ−ν , with expo-
nents β=-0.575±0.015, γ=2.05±0.06, and ν=0.37±0.01.
The exponents are compatible with the hyperscaling re-
lation 2β + γ = dν, where d = 2 is the dimensionality
of the space. We test the goodness of the hyperscal-
ing of our data by plotting the hyperscaling parameter
h = χc/(Ψcξc)
2 [diamonds on Fig. 3(c)]. In the presence
of hyperscaling this parameter must be constant. Hyper-
scaling suggests that Φc=0 exhibits the features of a crit-
ical point. At variance with the usual behavior of second
order phase transitions, in this case the order parameter
diverges close to this critical point and the critical expo-
4FIG. 3. (color online) (a) correlation length; (b) order param-
eter; (c) susceptibility (circles) and hyperscaling parameter
(diamonds) characterizing the mutual order of the two species
defined from the cross-correlation function Cc(r). Open and
solid symbols represent averages on 20 and 100 independent
realizations of the system, respectively. Lines represent the
best fit of the data with a power-law. The hyperscaling pa-
rameter h (diamonds) is reasonably constant, indicating that
the power law exponents are compatible with hyperscaling.
nent β is negative, a feature exhibited by other systems
where hyperscaling holds, such as the thermal denatura-
tion of DNA[32]. The dynamic evolution of the patterns
at small Φ is characterized by the transition from a disor-
dered to an ordered configuration exhibiting on average
four-fold symmetry (Supplemental Material movie [27]).
The initial configuration of the system corresponds to
a random distribution of individuals of the two species.
At this stage, the domain of influence of each individual
is a Voronoi cell with an average of six sides. During
the evolution, individuals belonging to the same species
form clusters. At steady state the spatial distribution of
the clusters is characterized by a bipartite random net-
work [33] obtained by joining clusters of penguins with
the nearest clusters of albatrosses. The network is made
of rhomboidal loops where two clusters of penguins sit
at opposite vertices of a rhombus and two cluster of al-
batrosses at the other two vertices [Fig. 4(a)]. Similar
configurations have been reported for the bioconvection
of bacteria [34, 35], for the spoke pattern convection of
simple fluids occurring at high Rayleigh numbers [36, 37]
and for the solutal convection of nanoparticles at high
solutal Rayleigh numbers [38, 39].
The average degree z1 of a cluster can be determined
by averaging the number of nearest neighbors of each
cluster in the network [Fig. 4(b)] [40]. At small Φ, z1 ≈ 4,
and the average number of second neighbors is z2 ≈ 8,
in agreement with the fact that on average z1 second
neighbors are shared by the nearest neighbors. At larger
fractions, z1 remains stable at 4, while z2 increases to 12,
FIG. 4. (color online) (a) bipartite rhomboidal penguin-
albatross network formed at Φ = 0.002. (b) average number
of first neighbors z1 (squares) and of second neighbors (cir-
cles) z2 of the network. z1 remains stable at 4 in a wide range
of Φ, in agreement with the narratives by Morrell and Poe.
a value compatible with a tree structure of the bipartite
network.
The peculiar pattern exhibited at vanishing Φ has
proven to be robust against perturbations breaking the
perfect symmetry between the two species. In particular,
we ran simulations in the presence i) of a moderate un-
balance in the number N1 and N2 of individuals within
each population and ii) of a difference in the mobility of
the two species, implemented by introducing a system-
atic bias in the probability P of selecting an individual
from a given species for attempting a move. Within the
investigated range 1 ≤ N1N2 ≤ 2, 0.1 ≤ P ≤ 0.5 no signifi-
cant variation can be detected in the spatial distributions
at steady state when compared to the unperturbed, fully
symmetric, situation.
IV. DISCUSSION
A. Topology of the network
The average four-fold coordination of the vertices of
the network can be understood from Euler’s theorem.
The theorem states that for an infinite network R+ V −
E = 0, where R is the number of rhomboidal loops, V the
number of vertices and E the number of edges connecting
two clusters of different species. Each loop has 4 edges
and, since each edge is shared by two cells, E = 2R. On
the same argument, the number of edges is related to the
number of vertices by E = z1V/2. By combining these
relations one gets that z1 = 4. Therefore, when the pop-
ulation density is small, each cluster of one species is sur-
rounded on average by four clusters of the other species, a
configuration that mirrors the structure reported for the
distribution of individuals in the penguin-albatross rook-
ery described in the narratives by Morrell and Poe [41].
Under this condition the system is dominated by a single
characteristic length scale corresponding to the average
5distance between nearest clusters of different species ξc
[Fig. 3(a)]. This four-fold coordination of the network
formed by the two species differs dramatically from the
trivial average six-fold coordination, which is expected
in colonies of individuals belonging to the same species.
Indeed, the development of a four-fold coordination puts
more stringent constraints on the mutual position of the
individuals than the six-fold coordination, which is also
present for a random distribution of individuals [39, 42].
B. Topology of a penguin-albatross rookery in the
narratives of the 19th century
At the moment, no systematic investigation of the
topology of mixed colonies of penguins and albatrosses
based on empirical data has been performed to our
knowledge. However, the similarities between the net-
works generated by our model and those described by
Morrell and Poe suggests that their description of a
penguin-albatross rookery could be inspired by reality
more than expected. The book “A Narrative of Four Voy-
ages” by Benjamin Morrell was first published in 1832
by J&J Harper in New York, while “The Narrative of
Arthur Gordon Pym of Nantucket” by Edgar Allan Poe
was published by the same publisher in 1838. Literary
criticism [43] has shown that Poe largely borrowed from
Morrell, making it unlikely that Poe himself witnessed
real penguin-albatross rookery. Benjamin Morrell was
a sea captain and he actually performed several expedi-
tions across the World. The reliability of his narratives
has been questioned by historians and geographers, but
the fact that his book contains a large amount of ac-
curate information convinced other investigators that his
accounts were partially based on reality [44]. As far as the
observation of a penguin albatross-rookery is concerned,
Morrell provides a precise description of the geographi-
cal location of the colony in New Island, one of the Falk-
land Islands. Indeed, associations between Rockhopper
penguin and Black Browed albatross have regularly been
reported from recent bird population censuses on these
islands [17–22]. This fact, together with the description
of the topology of the rookery akin to that described by
our model, strongly suggests that the report on the mixed
rookery by Morrell could be based on actual observation,
rather than on fiction/literary imagination.
C. Preliminary comparison with a real mixed colony
The ideal four-fold coordination reported by Morrell
and found in our model system can be difficult to ob-
serve in natural systems, due to presence of asymme-
tries in the behavior or in the interaction between the
two species. As an example, in the case of the penguin-
albatross mixed colony, asymmetries can arise from slight
differences in the breeding periods and by the constraints
in the distributions of individuals determined by pecu-
liarities of the terrain [45]. In general, one could expect
that one of the species settles on the terrain at first, thus
providing a template for the final structure of the colony,
followed by the second [45]. An analysis of real mixed
colonies to develop a model that accurately describes all
the peculiarities related to temporal and spatial asym-
metries would require an extensive set of data showing
the time evolution of the position of birds within the
colonies during different breeding seasons and in differ-
ent nesting areas. At the moment we are not aware of the
availability of empirical data showing the dynamics of a
mixed colony. Indeed, the acquisition of such data from
an aerial position through a breeding season would re-
quire a significant technical and economical effort. How-
ever, we are in the position of attempting a preliminary
analysis by using an aerial photograph of a mixed colony
kindly made available to us by Iain Strange and Georgina
Strange [Fig. 5(a)] [21, 46]. The photograph was taken
under uncontrolled conditions: we don’t know whether
the albatrosses or the penguins occupied the site first
and we are not aware of the stage of breeding for the
two species. Moreover, during other breeding seasons the
conditions can differ significantly from those reported by
the photograph. Notwithstanding the peculiar nature of
the conditions of the photograph, we think that a pre-
liminary analysis of the geometry of a penguin-albatross
rookery is meaningful to start highlighting some general
features of a real natural system.
The presence of an inter-species organization is evi-
denced by the fact that penguins tend to be located at
the boundaries of the Voronoi cells generated by alba-
trosses [Fig. 5(b)]. Moreover, the cross-correlations func-
tion of the position of penguins and albatrosses exhibits
a marked peak [Fig. 5(c)]. The radial distribution func-
tion of penguins is almost featureless, as it occurs in our
model, but that of albatrosses presents a marked peak
witnessing the presence of intra-species order [Fig. 5(c)],
a feature at variance with our model. Intra-species order
is also witnessed by the area distribution of the Voronoi
cells generated by albatrosses [Fig. 5(d)]. This distri-
bution is very different from that associated to a set of
randomly distributed generators (spatial Poisson process
[42]), and is compatible with the distribution generated
by a Hasegawa-Tanemura adjustment process [47]. In
a Hasegawa-Tanemura adjustment process each individ-
ual changes its position in the attempt to be as close
as possible to the center of its Voronoi cell, defined as
the center of mass of the vertices of the cell. In the ab-
sence of a second species, such a process leads to the
spread across the colony of conspecific individuals. The
analysis of the photograph allows us to identify a ten-
tative scenario of the temporal and spatial interactions
between the birds that accounts for the observed struc-
tures. 1) albatrosses have occupied the nesting site first
6FIG. 5. (color online) (a) aerial photograph of a Rockhopper
penguin - Black-browed albatross colony at Elephant Jason Is-
land, Falkland Islands [21]. Image copyright by Ian J. Strange
and Georgina Strange, Design in Nature. The yellow box de-
limits the region of interest. (b) position of the albatrosses
(blue squares) and penguins (red circles) in the region of inter-
est. The network represents the Voronoi diagram generated
by albatrosses. The size of the selected region is about 18m x
18m. (c) spatial cross correlation function Cc(r) for the po-
sition of penguins and albatrosses (dotted line); radial distri-
bution functions g(r) of penguins (solid line), and albatrosses
(dashed line). (d) histogram of the frequency distribution of
the area of the Voronoi cells generated by albatrosses. Areas
are normalized by the average area. The solid line represents
the Hasegawa-Tanemura distribution [47]. The dashed line
corresponds to a random distribution of albatrosses.
and spread themselves across the available area. Then
they have built their nest. The nests of Black-browed
albatrosses are piles made of mud and grass whose posi-
tion, once established, cannot be changed easily. 2) Once
that the nests have been built and the position of alba-
trosses became stable, penguins have joined and filled
the free space. Again, we are not aware whether the
penguins shown in Fig. 5(c) had already established the
position of their nests. The temporal asymmetry sug-
gested above implies that the species that settled first on
the terrain had already reached a stationary condition
when the other one joined, thus preventing a mutual re-
distribution of individuals. As a result of the asymmetric
interaction between the species, the structures shown in
Fig. 5 are not compatible with the bipartite network pre-
dicted by our model and reported by Morrell and Poe.
CONCLUSIONS
We have shown that a simple model where two species
interact by mutually avoiding each other leads to the
development of clusters of individuals arranged to form
inter-species structures, where each cluster is surrounded
on average by four clusters of the other species. The
system exhibits a non-trivial critical point at vanishing
population densities. At larger population densities, the
spatio-temporal dynamics is determined by a percolation
of the empty region. A preliminary analysis of empiri-
cal data shows that real systems develop inter-species
order, but the structure is affected by non-symmetrical
interactions between the species. A more detailed inves-
tigation of a real system with symmetrical interactions is
made difficult by the scant empirical data currently avail-
able and would ideally require the analysis of time-lapse
movies of mixed colonies across several breeding seasons
and different breeding sites.
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